In this work, we introduce the concept of a cyclic compatible contraction and prove related fixed point theorems in the generating space of a b-quasi-metric family.
Introduction and preliminaries
Throughout this paper R, R + , and N represent the set of real numbers, the set of positive real numbers, and the set of positive integers, respectively. In , Banach introduced the contraction mapping theorem which is famously known as the Banach contraction principle. It is also known that Banach's contraction principle is one of the pivotal result of metric fixed point theory.
Banach contraction principle [] : If (X, d) is a complete metric space and T : X → X is a self-mapping such that
d(Tx, Ty) ≤ αd(x, y),
for all x, y ∈ X, where  ≤ α < , then T has a unique fixed point.
This theorem ensures the existence and uniqueness of fixed points of certain self-maps of metric spaces, and it gives a useful constructive method to find those fixed points.
The traditional Banach contraction principle has been extended and generalized in wide directions. Now, we list some of the important generalizations of the Banach contraction principle in the th century:
• In , Kannan fixed point theorem [] : If (X, d) is a complete metric space and T : X → X is a self-mapping such that
d(Tx, Ty) ≤ β d(x, Tx) + d(y, Ty) ,
for all x, y ∈ X, where  ≤ β <  
, then T has a unique fixed point.
• for all x, y ∈ X, where α, β, γ , δ are non-negative constants with α + β + γ + δ < , then T has a unique fixed point. The above named fixed point theorems are undoubtedly the most valuable theorems in nonlinear phenomena. Many fixed point theorems concerning the above named theorems and their generalizations have been given by several authors (for example, see [-] ).
The Banach contraction principle appears everywhere in mathematics: Analysis, geometry, statistics, graph theory, and logic programming are some of the fields in which the Banach contraction principle and/or generalizations play an important role. In the literature, we can say that the elegant generalizations below are the standard generalizations of the Banach contraction principle in th century.
In , Kirk et al., generalized the Banach contraction principle by using cyclic map and proved below fixed point theorem.
Theorem . [] Let A and B be non-empty closed subsets of a complete metric space (X, d) and T : A ∪ B → A ∪ B be a cyclic map (T is called a cyclic map iff T(A) ⊆ B and T(B) ⊆ A). If there exists k
for all x ∈ A and y ∈ B, then T has a unique fixed point z. Moreover, z ∈ A ∩ B.
In , Wardowski [] introduced the F-contraction and generalized the Banach contraction principle in a new way.
F-contraction: Let F : R + → R be a mapping satisfying:
A mapping T : X → X is said to be an F-contraction if there exists τ >  such that for all The above concept is used to prove existence theorems in common fixed point theory. However, the study of common fixed points of weakly compatible maps is very impressive. In the literature one can find some interesting papers concerning cyclic contraction, Fcontraction and weakly compatible mapping (see for example [-] ).
On the other hand, the standard metric space has been generalized in different ways: see for example:
• 
Definition . []
Let X be a non-empty set and {d α : α ∈ (, ]} a family of mappings d α of X × X into R + . Consider the following conditions for any x, y, z ∈ X and s ≥ : 
Definition . []
. Let (X, d α ) be a G bq -family and let {x n } be a sequence in X. We say that
In this case we write x n → x. . Let (X, d α ) be a G bq -family and let A ⊆ X, x ∈ X. We say that x is a G bq -limit point of A if there exists a sequence {x n } in A -{x} such that lim n→∞ x n = x.
If we take s =  then generating space of b-quasi-metric family becomes generating space of quasi-metric family as defined by Chang et al. [] .
is a generating space of quasi-metric family.
In [] , the author proved that each generating space of quasi-metric family generates a topology d α whose base is the family of open balls. The 'G bq -family' will play a very predominant role in fixed point theory because the class of G bq -family is larger than the generating space of quasi-metric family.
Motivated by the above facts, in this paper, we introduce the concept of a cyclic compatible contraction and prove related fixed point theorems in the generating space of a b-quasi-metric family.
Main results
Definition . Let A and B be non-empty subsets of the generating space of a b-quasimetric family (X, d α ). Suppose S and T are cyclic mappings from A ∪ B to A ∪ B such that SX ⊂ TX and for some x ∈ A there exists a γ ∈ (, ) in such way that
for all n ∈ N and y ∈ A. Then S, T are called cyclic compatible contractions.
Theorem . Let A and B be non-empty closed subsets of a complete G bq -family (X, d α ).
Suppose:
. TX is a closed subset of X. Then S and T have a point of coincidence in A ∩ B. Moreover, if S and T are weakly compatible, then S and T have a unique common fixed point in A ∩ B.
Proof Let x = x  ∈ A be an arbitrary point. Since S(X) ⊂ T(X), we may choose x  ∈ X such that
(  )
Hence we can define the sequence {x n } in X by Sx n = Tx n+ for n ∈ N ∪ {}. Then {x n } ∈ A and {x n- } ∈ B.
We have
Similarly,
Inductively, for each n ∈ N, we get
Now we claim {x n } is a Cauchy sequence. According to the definition of a G bq -family, we have
is in B such that both converge to some η in X. Since A and B are closed in X, η ∈ A ∩ B.
Since TX is closed, there exists u in X such that
From the above argument and (), there exist sequences
such that both converge to η.
From () and (), it follows that Tu = Su = η. Thus η is a point of coincidence for S and T.
From the weak compatibility, we get
Now our aim is to prove Tη = η. Consider
Hence η is a common fixed point of S and T. To prove uniqueness, let us suppose that η  and η  are two fixed points of S and T.
If we put s =  in the above theorem, we obtain the following corollary in the generating space of a quasi-metric family. If we put s =  and d instead of d α in the above theorem, we obtain the following corollary in a complete metric space. Proof Let x  = x ∈ X be fixed. As S(X) ⊂ T(X), we may choose x  ∈ X such that
Corollary . Let A and B be non-empty closed subsets of a complete metric space (X, d). Suppose: . S, T : A ∪ B → A ∪ B are cyclic compatible contractions. . TX is a closed subset of X. Then S and T have a point of coincidence in A ∩ B. Moreover, if S and T are weakly compatible, then S and T have a unique common fixed point in A ∩ B.

Example . Let X = [, ] = A = B and define
d : X × X → R + by d(x, y) = |x -y|. Then (X, d
Theorem . Let (X, d α ) be a complete g bq -family and A, B be non-empty closed subsets of (X, d α ). Suppose S and T are cyclic mappings from A ∪ B to A ∪ B such that the range of T contains the range of S. TX is closed in subsets of X. For some x ∈ A and γ
Hence we can define the sequence {x n } in X by Sx n = Tx n+ = T n+ x  = x n+ for n ∈ N ∪ {}.
where
Therefore,
Then, from (), we get
Hence for each n ∈ N, by using induction, we get
for all α ∈ (, ]. Now we prove that {x n } is a Cauchy sequence. From the definition of the generating space of a b-quasi-metric family, we get
Letting n → ∞, since sγ < , lim n→∞ d α (x n , x m ) →  for all α ∈ (, ], which shows that {x n } is a Cauchy sequence in X. Since X is complete, there is a sequence {T n x  } in A and {T n- x  } is in B such that both converge to some η in X. This implies η ∈ A ∩ B, as A and B are closed subsets of X.
Since TX is closed, there exists μ in X such that
As SX ⊂ TX, and from the above, we get sequences
that both converge to η. Consider
From () and (), Sμ = Tμ = η.
Thus η is a point of coincidence of S and T. From the weak compatibility, we have
Now we claim that η is a common fixed point of S and T,
First we claim that Sη = η. Consider,
This implies
From () and (), Sη = Tη = η. In order to prove uniqueness, suppose that η  and η  are two common fixed points of S and T.
That is, Sη  = Tη  = η  and Sη  = Tη  = η  . Then consider
If we put s =  in the above theorem, we obtain the following corollary in the generating space of a quasi-metric family. 
Corollary . Let (X, d α ) be a complete g q -family and A, B be non-empty closed subsets of (X, d α ). Suppose S and T are cyclic mappings from A ∪ B to A ∪ B such that the range of T contains the range of S. TX is closed in subsets of X. For some x ∈ A and γ ∈ (, ), there exists
for n ∈ N, y ∈ A.
Then S and T have a point of coincidence in A ∩ B. Moreover, if S and T are weakly compatible then S and T have a unique common fixed point in A ∩ B.
Proof Fix x ∈ A. Since SX ⊂ TX, we may choose x  = x ∈ X such that Sx  = Tx  .
Hence define the sequence {x n } in X by Sx n = Tx n+ = T n+ x  = x n+ for n ∈ N ∪ {}.
If x  = Tx  , the proof is complete. So we assume that
Hence from (F  ), we get
By applying n → ∞, we get
From (F  ), we have
Now we prove that {x n } is a Cauchy sequence. Suppose, to the contrary, that {x n } is not a Cauchy sequence. Then there exist δ >  and sequences {η(n)} ∞ n= and {ψ(n)} ∞ n= of natural numbers such that n is the smaller index for which η(n) > ψ(n) > n, and
for all n ∈ N and α ∈ (, ]. By using the definition of a G bq -family and (), we get
By taking n → ∞ in the above inequality and using (), we obtain
From the sandwich theorem and (), we get
From (), there exists n ∈ N such that
Arguing by contradiction, there exists m ≥ n such that
From (), (), and (),
This contradicts the argument that
From the assumption of the theorem, we have
From the hypothesis of the theorem, (), and (), we get τ + F(δ) < F(δ). This is a contradiction. Hence {x n } ∞ n= is a Cauchy sequence. By completeness of (X, d α ), there is a sequence {T n x  } in A and {T n- x  } in B such that both converge to some u in X for all α ∈ (, ]. Since A and B are closed subsets of X, u ∈ A ∪ B.
As TX is closed, there exists z in X such that
Since Sx n = Tx n+ and by using the above argument, there exist sequences
and {S n- x  } in B such that both converge to u.
